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We study renormalization group equations of quantum gravity in four dimensions. We find an
ultraviolet fixed point in accordance with the asymptotic safety conjecture, and infrared fixed points
corresponding to general relativity with positive, vanishing or negative cosmological constant. In a
minisuperspace approximation, we additionally find a renormalization group limit cycle shielding the
ultraviolet from the infrared fixed points. We discuss implications of this pattern for asymptotically
safe gravity in the continuum and on the lattice.
Renormalization group (RG) ideas have had a deep im-
pact on the understanding of quantum field theory and
statistical physics [1]. They give access to the scale- or
energy-dependence of couplings in many areas of physics
including condensed matter, nuclear and particle physics,
and gravitation. Fixed points are the simplest asymp-
totic solutions of the RG and describe systems whose
couplings no longer change with scale, leading to scale
invariance and universal scaling laws. Infrared (IR) fixed
points often govern the long-distance behavior, whereas
ultraviolet (UV) fixed points control the short-distance
structure, central for a fundamental definition of quan-
tum field theory and, possibly, gravity.
Limit cycles offer an intriguing, and more complex,
possibility for the asymptotic behavior of the RG [2].
They arise if couplings change with scale in a cyclic man-
ner leading to log-periodicity and discrete scale invari-
ance. Unlike fixed points, limit cycles have been a rare
encounter in quantum field theory, and finding them is
more challenging as it requires global rather than local
information about the RG. Recent studies of limit cycles
in particle physics models, however, suggests that their
presence could be much more commonplace [3]. Further
systems with known limit cycles include effective theories
for bound states [4], QCD with quark masses slightly dif-
ferent from the physical values [5], and discrete Hamilto-
nians [6]. Discrete scale invariance also occurs in contexts
as diverse as turbulence, earthquakes, and stock market
crashes [7], or gravitational collapse [8].
In quantum gravity, fixed point studies have received
substantial attention in the past decade [9] (see [10] for
recent overviews). The existence of an UV fixed point
offers the intriguing possibility that metric gravity be-
comes a well-defined quantum theory alongside the other
fundamentally known forces [11]. By now, UV fixed
points have been found using RG methods in the con-
tinuum [12–17] and numerical simulations on the lat-
tice [18, 19]. Equally important is the existence of
well-defined RG trajectories which connect the UV fixed
point at short distances with classical general relativity
at large distances. This link has been established both
in four-dimensional gravity [20] and higher dimensional
extensions [15, 21], thus providing explicit realizations of
S. Weinberg’s asymptotic safety conjecture [11].
It is the purpose of this Letter to show that gravity
may also display a limit cycle under its renormalization
group flow. Our observations derive from simplified mod-
els of 4d quantum gravity which include Newton’s cou-
pling and the cosmological constant as running parame-
ters. We discuss the origin and properties of the gravi-
tational limit cycle, and its fate in the physical theory.
Some implications for the asymptotic safety conjecture in
the continuum and on the lattice are also indicated. To
achieve our picture, we study euclidean Einstein-Hilbert
gravity in dynamically different settings starting with the
classical action in four dimensions,
S =
∫
d4x
√
detgµν
1
16piG
[−R+ 2Λ] . (1)
Here, G = 6.67 × 10−11m3/(kg s2) denotes Newton’s
coupling, Λ the cosmological constant, and R the Ricci
scalar. The metric field gµν is the fundamental degree
of freedom. We also study a minisuperspace approxima-
tion [22] with spatially flat Friedmann-Robertson-Walker
(FRW) metric ds2 = a(t)2[N2(t)dt2 + dr2 + r2dΩ2]. The
coordinate t corresponds to the Wick-rotated version of
the FRW conformal time parameter once the lapse func-
tion N(t) is gauged to a constant (N = 1), leading to
S =
∫
dt
3v
8piG
[
−a′(t)2 + Λ
3
a(t)4
]
. (2)
Here v denotes the spatial 3-volume, and the dynamics of
gravity is reduced to the scale factor a(t). The negative
sign of the kinetic term hints at the unboundedness of the
conformal mode in the classical theory. A closely related
approximation is the conformally reduced model [23]
S =
∫
d4x
√
gˆ
3
8piG
[
χˆχ− Rˆ
6
χ2 +
Λ
3
χ4
]
. (3)
The conformal factor χ(x) is linked to the original metric
field via gµν(x) = χ(x)
2gˆµν(x), and the Laplacean and
the Ricci scalar are now functions of a fixed reference
metric gˆµν(x) [23]. In comparison with (1), the actions
(2) and (3) neglect spin-two modes, and the conformal
factor in (2) only depends on euclidean time, rather than
euclidean space-time (3).
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2We now employ the RG to analyse the differences be-
tween (1), (2) and (3) on the quantum level. Fluctua-
tions turn the couplings G and Λ into running couplings
Gk and Λk as a function of the RG momentum or en-
ergy scale k. At the same time the actions (1), (2) and
(3) become ‘flowing’ effective action S → Γk. Following
the ideas by L. Kadanoff and K. Wilson, RG equations
which control the scale-dependence of couplings are ob-
tained by introducing a momentum cutoff into the theory.
The change of the flowing action with the cutoff scale is
expressed by an exact functional identity [24]
∂kΓk =
1
2
Tr
(
Γ
(2)
k +Rk
)−1
∂kRk . (4)
The trace denotes a sum over all propagating modes, Γ
(2)
k
stands for the second functional derivative, and Rk for a
properly chosen Wilsonian momentum cutoff at the en-
ergy scale k [25]. The physics meaning of (4) is that the
fluctuations of modes at energy scale k drive the RG run-
ning at that scale. The RG flow (4) serves as a master
equation for the running of all couplings between the UV
(k →∞) and IR (k → 0) limits of the theory.
For the theories given by (1) and (3), the RG flow (4)
has been obtained in [12, 14–16, 23, 26], also using [25, 27]
and the background field formalism. The RG flow for (2)
resembles that of a quantum mechanical system because
the momentum trace in (4) becomes lower-dimensional
[28]. In all three cases, and using dimensionless couplings
g ≡ Gk k2 and λ ≡ Λk/k2, the RG running of couplings
takes the simple form
βg = (2 + η) g , η = −g a1
βλ = −(2− η)λ+ g a2 − g a3
2 + n
η
(5)
where βg ≡ dgd ln k (idem for λ). The fluctuation-induced
functions a1, a2 and a3 and the parameter n depend on
the model. Throughout, the graviton anomalous dimen-
sion η = d lnGkd ln k is approximated by its leading term in
g. It vanishes in the absence of fluctuations where (5)
reduce to βg = 2g and βλ = −2λ. This is the semi-
classical regime where Gk and Λk are constants. At a
non-trivial fixed point η takes the value −2 leading to a
weak (strong) gravity regime in the UV (IR) [9]. Higher
order corrections such as Hartree-Fock type resumma-
tions for η can be studied as well [12, 14, 15, 26].
We begin with the phase diagram of the minisuper-
space. The definition of g is fixed up to an overall nor-
malization, linked to the freedom in fixing the 3-volume
[28]. With a suitable normalization we find (5) with
a1 =
2
3pi
λ2
(1− 2λ)4 , a2 = a3 =
1
4pi
1
1− 2λ (6)
and n = 1. Note that the RG flow for Newton’s coupling
is only driven by the cosmological constant as a1 vanishes
for vanishing λ. We find four distinguished fixed points
which we denote by A,B,C and D (see Fig. 1): The point
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Figure 1: Fixed points and limit cycle in the minisuperspace
approximation (in all figures arrows point to the infrared and
the lower axes are scaled as λ→ λ
1+2|λ| for display purposes).
A stands for an UV stable fixed point with coordinates
(g, λ)∗ = (3.68, 0.288). The universal eigenvalues are a
complex conjugate pair of exponents θ = 1.77±7.31i, and
the positive sign of the real part indicates UV stability in
both couplings. At this fixed point the theory becomes
asymptotically safe [11]. In its vicinity, we have that
λ∗ − λ(t+ T ) = e−D(λ∗ − λ(t)) (7)
and the same for g, where t = ln k is the logarithmic RG
time, T = 2pi|Im θ| and D = Re θ. The behavior (7) resem-
bles that of an UV limit cycle whose radius shrinks by
e−D ≈ 0.17 after each cycle with periodicity T ≈ 0.86
about the nodal point (λ∗, g∗). We also have a Gaussian
infrared fixed point (g, λ)∗ = (0, 0) at vanishing coupling
denoted by B with scaling exponents θ = ±2, and a de-
generate IR fixed point C at (g, λ) = (0, 12 ) [29]. Finally,
there is an IR attractive fixed point D, located at neg-
ative cosmological constant (g, 1λ )∗ = (0, 0
−) with two
infrared attractive scaling exponents θ = −2 (not dis-
played). Along the line (g 6= 0, λ = 12 ), we have 1/η = 0
indicating the limit of validity for our approximation.
The phase diagram is split into three parts. The most
interesting feature is the appearance of an IR limit cy-
cle (thick line) which attracts all trajectories emanating
from the UV fixed point A. The limit cycle implies log-
periodic behavior g(t) = g(t+T ) and λ(t) = λ(t+T ) cor-
responding to (7) with D = 0 and periodicity T ≈ 1.571.
Flow lines emanating from the line (g, λ ≈ 12 ) termi-
nate either at the limit cycle, at the Gaussian fixed point
B (thick line), or at the fixed point D, depending on
whether g < gc ≈ 1.33g∗, g = gc or g > gc. An extended
semi-classical regime is achieved for trajectories starting
just below the separatrix (thick line), at (g, λ ≈ 12 ) and
g < gc, as these can spend substantial RG time in the
vicinity of B before terminating in the limit cycle. Such
trajectories imply modifications of gravity in the deep
IR. On the limit cycle, the dimensionful couplings Gk
and 1/Λk grow by the universal factor e
2T ≈ 23.16 af-
ter each cycle, leading to strong gravity Gk  G and a
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Figure 2: Fixed points and separatrices in the Einstein-Hilbert approximation (left) and the conformally reduced model (right).
vanishing cosmological constant Λk → 0 in the IR limit.
The average growth rate 〈G(t)/G(t0)〉T = (k0/k)2 where
t− t0 is an integer multiple of T , is exactly the same as
that for a non-trivial IR fixed point. The cycle average
〈g(t)λ(t)〉T ≈ 0.455 g∗λ∗ is smaller than its value at the
UV fixed point. None of these trajectories, however, is
UV safe. Those which are, i.e. all trajectories emanating
from the UV safe fixed point, display a cross-over into the
IR limit cycle too narrow in logarithmic RG time to allow
for an extended semi-classical regime. We conclude that
the minisuperspace approximation (2) with (5), (6) does
not admit trajectories connecting the UV with the IR as
required by the asymptotic safety conjecture, despite the
presence of the relevant UV and IR fixed points.
Next we enhance the dynamical content and turn to
Einstein-Hilbert gravity (1) in terms of the metric field
gµν and ghosts in Landau-de Witt gauge [14, 15]. As
opposed to (6), the RG flow receives extra contributions
from self-interactions such as spin two, the ghosts, and
the conformal mode. One finds (5) with
a1 =
81− 132λ+ 100λ2
24pi(1− 2λ)2
a2 =
1
2pi
1 + 4λ
1− 2λ , a3 =
1
2pi
5− 4λ
1− 2λ
(8)
and n = 4. Interestingly, we again find the same fixed
points A,B,C and D (see Fig. 2, left panel), the only dif-
ference being that the coordinates (g, λ)∗ = (0.940, 0.197)
have changed. The eigenvalues remain a complex con-
jugate pair of exponents [13–15, 17] and, here, read
θ = 1.49± 2.68i. On the other hand, the topology of the
RG flow has changed substantially. The UV fixed point
is now connected with the Gaussian one by a separatrix
AB (thick line). A second separatrix appears connect-
ing the IR fixed points C and D (thick line). It also
acts as an infrared attractor for all (but one) trajectories
emanating from the UV fixed point (thin lines), which
circulate counter-clockwise into the separatrix CD. The
latter is thus a remnant of the minisuperspace’s limit
cycle. Ultimately all trajectories are attracted towards
the weak-gravity regime dictated by the IR fixed points
C and D. This way the RG flow shields the theory from
the strong gravity regime observed in the minisuperspace.
The phase diagram also admits asymptotically safe RG
trajectories connecting the UV fixed point with an ex-
tended semi-classical regime with either positive, van-
ishing, or negative cosmological constant. This picture
should be compared with the phase diagram of confor-
mally reduced gravity (3) with RG flow (5), (6) and n = 4
[23]. We find the same fixed points as discussed above
(Fig. 2, right panel), except that the coordinate of the UV
fixed point has changed to (g, λ)∗ = (4.65, 0.279), and the
scaling exponents now read θ = 4 ± 6.18i. Overall, the
RG flow is topologically equivalent to (5), (8). We con-
clude that the qualitative difference between Fig. 1 and
Fig. 2 is due to the effective dimensionality in which the
conformal factor fluctuates, given by the parameter n.
To interpolate between theses cases we consider a
model where n = neff is treated as an effective, adjustable
parameter. A further motivation for this is that gravity
appears to become lower-dimensional in response to its
own quantum dynamics [9, 30], a behavior which can be
mimicked by our model for neff < 4. Using (5) with (6),
and generic neff , we find that the four fixed points A,B,C
and D persist. In addition, we find a critical point
ncrit = 1.4715 · · · (9)
at which the phase diagram bifurcates from Fig. 1 into
Fig. 2 (see Fig. 3). Approaching ncrit from below the pe-
riod of the limit cycle diverges, 1/T → 0. Exactly at (9),
the limit cycle becomes degenerate and turns into a sep-
aratrix connecting the fixed point C with the Gaussian
fixed point B. Therefore, all trajectories emanating from
the UV fixed point approach the Gaussian fixed point
arbitrarily close and display long semi-classical regimes.
Furthermore, none of the asymptotically safe trajecto-
ries admits a negative cosmological constant because the
fixed point D is shielded from A due to the IR attractor
line BC. As soon as neff > ncrit, the limit cycle decays
into an IR attractor line CD and the separatrix AB,
thereby opening the door for trajectories with a cosmo-
logical constant of either sign in the IR limit.
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Figure 3: Fixed points and degenerate limit cycle (n = ncrit).
Finally, we speculate on a possible link between our re-
sults and dynamical triangulations (DTs) on the lattice,
assuming that the latter can be mapped on our model for
an effective parameter n = nlattice. In causal DTs, tra-
jectories are found where the spectral dimension interpo-
lates from Ds = 4 down to Ds ≈ 1.80 [31]. Causal DTs
also show an UV fixed point [19], implying nCDT ≥ ncrit.
In euclidean DTs, the short-distance spectral dimension
comes out smaller, Ds ≈ 1.457 [32], closer to ncrit, show-
ing that causal and euclidean DTs differ, albeit mildly, in
their short-distance behavior. We therefore expect that
nEDT < nCDT. If nEDT < ncrit our model states that
euclidean DTs cannot reach an UV fixed point, in agree-
ment with [33]. In turn, for euclidean DTs where nEDT
comes out larger than (9), the underlying theory can be-
come asymptotically safe in its own right.
In summary, we have studied models of 4d quan-
tum gravity with an asymptotically safe UV fixed point,
and IR fixed points corresponding to general relativity
with negative, vanishing, or positive cosmological con-
stant. Interestingly, the RG flow may shield itself from
asymptotic safety by means of a limit cycle, which arises
through competing fixed points. Roughly, the smaller
the product of ultraviolet parameters D ·T , (7), the more
likely is the occurrence of an infrared limit cycle. In our
model, this is governed via the parameter n, which con-
trols the short-distance fluctuations as seen in the minisu-
perspace. This pattern may also occur in f(R)-theories
of gravity, possibly coupled to matter, as these share key
features with the models studied here [26]. Predictions
of our model can also be tested on the lattice, which is
sensitive to short-distance effects. Finally we mention
that a degenerate limit cycle offers a new scenario for
asymptotic safety in that no fine-tuning of UV initial
conditions is required. Instead, all trajectories enter an
extended semiclassical regime and lead to a tiny positive
cosmological constant in the infrared.
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